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This memo is about mechanical a™s, The literature on robotics seems to 
l?e deficient In such discussions, perhaps because not enough sharp 
theoretical problems have been formulated to attract Interest* I f m sure 
many of these matters have been discussed in other literatures -- 
prosthetics, orthopedics, mechanical engineering, etc., and references 
to such discussions would be welcome. We raise these Issues in the 
contest of des rgn1ng the "mlni’robot" system In the A, l* Laboratory In 
19 7 2 -1 91 7 3 » But we would like to attract the interest of the general 

heuristic prggrammlng community to such questions. 

1. Degrees of freedom: serial vs, parallel? 

A manipulator needs many degrees of freedom* To understand the 
resulting complications, we need some sort of general framework for 
analysis, hot we don't even have a useful taxonomy for classifying the 
problems. Here we will contrast two extreme kinds of anatomical 
approaches; quite a few Issues emerge clearly even from this primitive 
dichotomy. The two extremes are "serial" and "para 11 el", 

In a SERIAL arm, wa have a sequence of bodies, usually rigid 
rods, whose positions are determined by a series of 
constraints — joints — In which each constraint flues the 
position of a body that serves as the support for all Its 
successors. Thus the degrees of freedom have a distinct 
orde r, 


All the industrial manipulators are of this character. The human arm t 
representative of the serial variety. In general plan, although Tt Is 
really an intermediate case because each joint nay combine two or even 
three degrees of freedom* The human wrist, from the outside, appears to 
have three degrees, but the rOtatlonTs really associated with the 
radius-ulnar relation which should be considered a separate joint* 

The PARALLEL concept Is perhaps best Illustrated by the way 
an animal's body is supported by Its legs* Here several 
constraints simultaneously determine the relation of one 
body to another (the ground. In this case?* A clearer 
example is that of a crane or antenna mast supported hy guy 
wires* Because six constraints are needed to fix an 
object In three dimensions, that bounds the amount of 
parallelism possible at each "joint". 
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The sequential succession of constra1nts In the serial arm causes many 
problems that seem to grow In a multiplicative way: 

Errors and uncertainties are cascaded and cumulative* 

Rigidity Is relatively low because of long moment arms* 

Inertial and gravity effects are large, especially If the proximal 
joints have to support the mass of the distal motors* This and 
the low rigidity combine to produce large, annoying, low 
frequency vihrat Ions, These make precise pnsitfohlns slow (to 
avoid -dangerous overshoots.) and make delicate force'feedback 
measurements Impractical* 

Power supply and ” Inoervat I on" require complicated ’’thread 1 ng"' 
through or around joints, especially If the motors are not 
bulIt in, but work through tendons* 

Some of these problems can be reduced by making the proximal joints 
much larger than the distal ones, but this yields a massive 
and clumsy system, viz*, a milling machine. 

All these problems can be controlled to various degrees, given enough 
attention to weight and dynamics, as In the vertebrate and insect arms. 
Wore dramatic Itlustrations of serial cascading of joints are seen In 
vertebral columns, especially of the serpent* Strictly speaking, none of 
these are purely serial, each having two or more actuators for each 
joint. This Is one way to reduce the amount of serialization. 

Another way to reduce the amount of cascading Is to divide the mobility 
of the whole system Into two parts by moving the work as well as the 
manipulator* Example: In some ml 1 Mfig^machl nes that need three degrees 
of freedom, the bed on which the work Is mounted has two horizontal 
axes; the third axis moves only the cuct I ng-head. Another "solution.” 
is the moving-robot approach: by walking or driving about the floor, one 
gets two degrees of freedom without the cost of transmitting power and 
information through two joints* The machine has to be attached to the 
floor anyway, one can argue, so why not exploit this? One can regard the 
floor as a ball-joint with zero curvature! 

In any case, the parallel approach promises to reduce complication, 
fiqfl 1 joints, with three degrees of freedom, have no more parts than 
single hinge joints* What really Is difficult is to make a two-degree 
joint, with freedom to bend but stiff axially; this Is the "universal 
joint" problem. 


1*1 Parallel Man! pulatnr s 


The parallel .approach Is complementary, ri th quite different problems 
and features* To Introduce ft, begin by cons Fcferl ng the genera) problem 
of positioning a rigid body In space relative to a frame of reference. 


Suppose given three fixed reference points fn space and 
three points on the rigid body* Then there are nine 
dlstance-pairs between these points, but specifying almost 
any six of these causes the other three to be determined* 
This observation suggests a very simple and direct approach 
to design* Choose six of these distances, Then construct a 
manipulator by realizing physically each length constraint 
as some mechanical length-determining device, such as a 
hydraulic cylinder or other <f l Inear actuator". 


Each actuator must be terminated by a spherical joint or elastic 
coupling* Then we acheive complete mechanical control of the rigid 
object simply by Instructing separately the motors for all degrees of 
freedom, without cascading their effects, 

A particularly symmetrica] example of such a design Is shown belowi we 
choose six edges of a cube to position one equilateral triangle with 
respect to another* The resulting structure outlines an octahedron: 



The six edges are the ones 
that form the hexagonal shadow 
when a cube fs balanced on one 
of i ts vert 1 ces I 


In principle, it follows from tha basic constral nt^detertnl nat i on Idea, 
that one can position the body In any location and orientation In three- 
dimensional space. However, there are practical problems: 

In certain positions the constraints degenerate (e*g«, two rods 
coincide? making the position Indeterminate* The structure will 
f I op. 

As we approach a degenerate situation, the mechanical advantages 
become too small, great forces are needed, and the structure will 
buckl e . 
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In practical ImplemeiUat Eons, it Is hard to find large ranges In 
which the supports do not Interfere with one another by colt[ding* 
This Is particularly severe In regard to axial rotations. 

The supports must subtend a substantial space angle to get much 
stiffness. On the other hand, an arm should subtend a small space 
anile (looking from the hand) to achieve dexterity* In optical 
jargon, one wants a hand to have a 1 arge’T-number"! 

The ability to get around obstacles Is limited. With a serial arm 
one can use redundant degrees of freedom to get a tentacular 
effect. It i 5 an Illusion, however, that serial arms inherently 
provide dextrous access, since unless the elbows are redundant, the 
mul 1 1 jointed arm doesn’t allow for alternative paths. Of course, 
with six degrees of freedom one has a three-dimensional selection 
of ways to reach a point In the workspace, and one can trade 
between global arm-path configuration and the precise direction of 
arrival at the work, 

The actuators must be length-changers, (a contrast to those in the 
serial arm, which can be linear or angular. This Is usually a 
large advantage, because In the parallel system, the natural way to 
effect constraints is by pulling tendons. Cable-pul 1ing mechanisms 
are easy to design and can be very compact. 

Although parallel systems have disadvantages, these seem quite 
different from those of the Serial system. There are Important 
advantages, as well* 

Very great simplicity, because of the non-interactions. 

The instrumentation of force-sensing Is particularly 
corwenientj the longitudinal stresses In the supports 
determine completely the forces operating on the mobile plate 
(unfortunately. Including gravity). As shown In 1.3 below, 
one can exploit this to get very elngant and useful kinds of 
force- and tactile* feedback. 

The forces are entirely axial, so that light, thin tubes can 
yield great strength. Serial arms In general, and angular 
actuators In particular, have bad weight-strength 
character 1st fos. 
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| 1.2 problems: 

Design a geometry that gives better rotational mobility. 

Can ore separate the decrees into two sections, which engage a 
ball-strew and nut pair, to get extensive rotation? Is there 
a simple attachment linkage that gets such an effect? 


Each plate can be located 
anywhere Jr space. The two 
locations determine the screw 
location, and their distance 
apart determines the screw 
rotation* 



There are less symmetrical parallel configurations that are easier 
to understand* One can separate out three axes for location, two 
for orientation, and the sixth for axial rotation* la this a good 
idea? It might make heuristic planning easier in some situations, 
but that would pot justify realising that decomposition In the 
hardware. 

Idea: stack up two or even three octahedral sections. if one could 
control all the resulting motions, one would have a highly dextrous 
"arm"-* or snake- like system, but let us agree not to consider such 
complexities. However, suppose one could invent a linkage or 
related arrangement that duplicates the constraints In each 
section* This would double or triple the rotational mobility* It 
would also Impart a helical character to the motion, which would 
probably be more a nuisance than a virtue. Such an Invention, if 
not too flimsy, would eliminate many objections to the simple 
octahedral system* Perhaps control of the more complex* excess* 
deg.ree^of-freedom version could be done by an application of the 
"fourler-analysis" concept discussed below. 

How can one design such a system with counter Springs or 
counterweights to cancel gravity, to permit more sensitive force 
sens tng? 

Consider tension-extension trades. One 
system would have a single 
incompressible rod (with extension 
motorJwlth the other five degrees of 
freedom constrained and actuated by 
cables, as in an antenna guy-wire 
Arrangement, or as In a buiIdlng-crane, 

Cable pullers are much simpler and 
lighter than linear compression 
actuators; all one needs Is a motor pud 
a spool * 
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Finally, one-night consider geometries in 
which ALL constraints are tension. The 
simplest version of this makes anchor 
points span more than a half-plane about 
the workspace, which Is a nuisance. But 
the hand an estly he cantilevered to be 
outside the convey hull of the support 
points, as shown here* Although we 
discussed tripod-based geometries above, 
there t s no reason the six constraints 
should not be anchored from four, five, or 
six space points. One needs at least four 
for the al 1 -tens i on (node!. With redundant 
cables, one could overcome some of the 
collision problems, at some cost in 
complteation* 


Can You Visual tie This? 

fn the octahedral geometry proposed above, the substructure of six rods, 
each meeting two others at right angles, is mechanically rigid, even 
though the rods are permltted at!al rotational freedom at any point (but 
constrained to meet one another at right angles}. However, there Is 


8 

HOT RIGID 

This "linkage 0 Is not rigid, but has one degree of freedom and can be 
contorted In a remarkably tortuous cycle In which each rod occupies 
every position In the structure. Thus, the rigidity of the "octahedral 11 
form is a non-local feature of the structure* Can anyone give a simple 
explanation of this degeneracy? To experiment, you can make the 
Structures out of si* right-angle "BNC’' type radar connectors or 
equlvaIent* 


another such "circuit 0 of six rods 



RIGID 
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2* FORCE SENSING 

( wish I understood better the issues concerning kinesthetic feedback* 
The advantages of i| bi lateral" servcpotors over "open-loop" control are 
easily demons traced, but my own experience it that the quality of the 
"feeling" One gets In operating a bilateral mas ter-si eve manipulator is 
very low* if the gain is high, the system is unstable, while if the 
gain is modest it feels mushy* Presumably the inertial forces, when 
reflected back to the human user, cannot he opposed quickly enough 
because of our EGG millisecond reaction time problems* 

How does the human arm and control system manage so well? We have at 
least three levels of not-too-tightly coupled systems with sense and 
motor devices of different characters: motor-forte (as In the bilateral 
servo manipulators), local strain sensing at the joint areas, and 
tactile sensing at the exterior surfaces. This Information is used, 
then. In a heterarchical control structure* 

How does this control structure work? I do not know the literature very 
well* I suspect that It is not well understood, and the controI-theory 
analyses l have seen (but not studied) do not seem to get to the point* 
Presumably, the heterarchical system uses several different kinds of 
EnformatToo, about position, pressure, speed, etc*. In local systems 
each with its own loons and parameters* The control structure couples 
them by sending around signals that adjust gains, time-constants, etc* 
The higher levels computer these by combining state Information w|tb 
goal information. 

What's wrong with the simple "bElateral servo" system? (This is the 
system that measures the forces reflected through the motors that 
actuate the joints.) Qne trouble is that the force on an exterior object 
is the SUM of the driving force and the 1nertiel force Of the moving 
system, as it Is decelerated by pushing on the obstacle, The "force- 
reflecting" servo can never see the latter force, Forces at the hand 
depend on momentum terms from all the way up the arm* "Theoretically", 
the control system can contain a dynamic model of the arm, compute the 
Inertial forces, and subtract them from the actual meaaurments, but this 
means measuring small differences between large numbers, and there Is a 
lot of noise from friction, dynamical vibrations, and so on. The gravity 
forces have to be subtracted, too. Notice that In the serial arm this 
?S not an al1-or-none argument* The signal-noise ratio just mentioned [a 
poor for the "upper" or "proximal" (near the arm origin) joints and good 
for Che "distal" (near the hand) joints, For a non-redundant mechanism 
there is no sure way to guarantee that the sensitivity required for a 
delicate manipulation will be reflected to a suitably distal Joint! 
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This argument shows a fundamental advantage, P think, for having a 
complete set of force-sensors In the wrist nr very close to the work- 
point. That Is, for a system like that described In 2*1 below for 
measuring forces near the workpolnt without the noise of large Inertial 
components* With a wrist force-sensor, one kmws Instantly when the 
hand has made contact, and how hard. If the arm is moving rapidly, one 
cannot stop It Instantly, but if the wrist can be relaxed while the 
upper arm decelerates, the contact can stIM he gentle- 


What, by the way, IS a related wrist? In a con-redundant configuration 
one car have high compliance -- low-inertial gentle contact only 
along those dimensions whose actuators are close — in the serial 
sequence — to the hand* This Is why one should give a high design 
priority to getting at least three degrees to combine in a recognisable 
wrist-like structure- Anthropomorphism has a lot going for It. But It 
is hard to put all mobility at the wrist, and even the human hand Is 
vulnerable to thrust through the radial a*ls: as in catching a ball on 
the end of one f s finger. 

In any case. If a redundant wrist Is related, and the force sensors 
signal a collision, there may Still he time to react before the pressure 
gets large; with a non-redundant bilateral servo, the poor signal-noise 
ratio requires us to wait until the force Is larger. 

If we cannot afford full motorization of the wrist. It would still be 
valuable to have a spring-loaded, lockable, compliant joint there# 

The same arguments, in micro-form, apply to fingers as well, and dictate 
a third stage of sensing. This again might be a combination of joint- 
force elements and, of course, the ultimate dispersion of nerve-endings 
on the tactile surfaces. 


2*1 Force feedback for position-sensing, 

Speaking of tactile sensors, it is an amazing mathematical fact that, 
under certain conditions, one can use joint force-sensing Cor even 
bilateral servos) to get the effect of tactile sensors over a surface* 
That Is, the measurements can tell where a surface has been touched! The 
"certain condl t tons" are simple and somewhat restrictive; the surface 
must be touched at just one point. This Is not so bad, because this 
usually happens at a "first contact 11 . if the condition E$ not met, one 
still gets Important 1 information that can be useful when combined 
haterarch leally with other knowledge. Let's first see how force-sensors 
can yield position Information* 
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Consider a r [ g i d her supported by two force seniors A and 6; 



tf we press at point "A" with tin S t forte wetJ U read 

A - l 6 - & 

If we press with unit force at "B" we will read 

A * D 3 = 1 

If we press at "C" we will read (assuming A and B are one unit apart) 

A + E ■ 1 (total downward force) AN[) 

2A + B - 3 (zero net torque), hence, 

A - -1 B « 2. 

More generaliy, If "V* is the distance from a to C, and Is the 

force, we win haves 

A + E « F 

AX + {&*!)* - 0 or Fx-B * 0 (torque cancellation) 


so that we set 


X - B/(A+B) 

showing that we can read from rhe two dials, almost directly, both the 
location of the force and Its magnitudes 3y a similar argument (In 2.2 
be lew) we will see that If a triangular plat# Is supported by three 
scales, we can again locate the point of application of an arbFtrary 
force and its magnitude, even though Ft tan now he anywhere In a plane. 

Gan we do better? A fixed body Is subject to st* constraints, so we can 
make three more measuraments. We -do this in 2.2 and show that with six 
such readings, one can determine not onty the place and maRnitcd# of the 
applied force but also Its orientation and its axial torque* More 
precisely, we can determine the force vector up to lying on a definite 
line Tn space. 
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Here Is a false argument to mike this 
result seem plausible. Imagine joining 
two triangular plates, as above, at 
right angles* When we apply a force to 
this object, the readings on the six 
scales would determine two points, one 
In each triangle. One might be tempted 
to conclude that that the tine of force 
Is exactly the tine determined by those 
two points. 


That argument Is false because the scales' configuration doesn't 
constrain the body along the tine of Intersection, but It suggests why 
such a measurement might be possible, fn 2,2 we carry out the analysis 
completely for a fully constrained configuration. 

Before doing the calculation, we point out on important consequence. If 
we can determine the line of application of a force then we can 
determine the point of application of the force — provided only that we 
know the shape of the surface! There is no reason to restrict our 
surface to be a particular p!anej given any convex (and most any non- 
conve*) shape, a space line enters the surface at a unique point. So 
the six-axis force measurement can serve e$ a tact Ile^posItlop sensor 
over the entire surface! 



5,2 Exact calculation of the Octahedral Strarn-Guage 

We now show how to resolve the force on the "octahedral" arm by a 
sequence of easy superpos!tion steps* This derivation Illustrates the 
immense power of knowing a system Is linear? it is just a sequence of 
superposition arguments* 

S 

First consider an equilateral triangular 
plate supported by three scales it A 1 
and C. Let "a", "b", and "c" be the 
distances from an arbitrary force point 
to the corresponding opposite sides « 
these ere the so-called Barycentrtc 
Coordinates. 
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if F Is the magnitude of the force, then F = A + B *■ C because the 
system Is In vertical equilibrium. And the three weights are In simple 
proportion to the three distances a b and c, One can see this, for 
example, by viewing tha scene In a plane orthogonal to the line &Cs 


AH 

BH 

CH 


Fa 

Fb 

Fc 


where aF * 
because of 
Fftoments aF 
find the 
F, given 


A " 

AH, for example, simply 
cancellation of the two 
and AH, So It is easy to 
exact point of application 
these 


three measurements 


convenient now to Introduce some 
Cartesian Coordinates, and! one tan see 
by paraHelograms of forces that 
x - a and y - 2P (c * b) 


A force on the plate may have tangential 
components as well as normal (downward), 
Me will detect these by adding three 
more strain gauges as shown here, Each 
senses differential motion along an axis 
parallel to a side of the triangle. 



We have shown a tangential force 
x* and y'* No matter where such 
dictates that 


F 1 lying IN THE PLANE, with components 
a force Is applied, equilibrium 


*' - > and y T * C'/I+B'/l-A 1 

So these three measurements give us the direction tan'fy'/x*) 
and magnitude A 1 +B 1 +C 1 -A’B r -A T C T -9'C T of the tangential force 
component. If the actual force has both normal and tangential 
components we note that |A,B,C| still determines the point of 
application, since the three new gauges do not affect the normal 
measurements. 
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Thus from our knowledge Of the tangential F 1 and the .normal F, we get a 
complete three dimensional description of the total force F* in azimuth- 
elevation coordinates: 





showing that the actual computation Is not particularly complicated, 

We derived only two quantities, ^ and 3 from the three measurements 
[A\ S' i C 1 I * What Is the third dimension? We claim It Is the 
tangential torque on the plate* To see this, assume that the strain- 
gauges 11 deflections are approximately linear in force, and consider the 
energy of distortion of the system regarded as supported by springs. 
Given a certain force, the energy In the tangential springs will be 
minimal when there tsno torque, simply because an applied torque will 
always be resisted, hence will Increase the system*s energy, which Is 
proportional to A 1 * + B**- + C 1 * , For a pure y-force we have B f * C 1 and 
F‘ - C 1 - A 1 , In this case E ■ A pi + 2(A P * F r r which Is a minimum when 

F 1 - -3AV2, 

It follows that Q ■ A'+B’ + C 1 .* 

A similar argument shows that a pure X-foree also yields A'+B'+C- 0, 
Hence, by superposition, since each term Is a linear function of all 
force components, this sum Is zero for any torque-free force. 

Fur thermo re, a'+B'+C 1 Is proportional to torque applied et the center, 

[s invariant of all translation forces, and is the only remaining linear 
function that Is so Invariant* so It must be the torque — assuming 
correctly that the torque Is a linear function of the measurements. 

In practical application of this calculation, one might assume that no 
tangential component of torque actually can be applied to the surface In 
ordinary manipulation, That would require a push-pull couple, and 
pulling requires glue. Normal components, however occur naturally at 
ordinary frictional surface contacts. 
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fry a simple planar change of coordinates* Wow in our diagram, O Is the 
base point for attaching two gauges In our Initial octahedral 
configuratlon* Again we can use a planar confTguration, for by choosing 
the Indicated dimensions for d and d/3 we have arranged that all of A, 

C*, AB, and BA Ite E n one plane* Hence, we can replace AS and GA by 
the correct pair BC* and C*A *- not shown In the diagram to avoid 
clutter by another planar transform: 

BA - p'BC* + q'C*A 
AB * r'BC* * S f C*A 

which completes the entire analysis* The entire transformation can be 
condensed Into a 6*6 matrix; 

A = p^B-C* + q'"C*A + f "AB* + s"R + C 

All this applies only to small distortions In the structure, as one 
wpuld indeed have in a nuas(-Tsometric strain-gouge* If one wants 
substantial motion, as one would In a bilateral force-servo in whtch the 
beams of the octahedral supports are also the manipulator's degrees of 
freedom, the coefficients would not be constant* and one would need 
trlgonometricai approximations* 

When | first considered the octahedral configuration, t asked Jayant 
Shah to analyse the forces, and he observed the theorem that one could 
resolve the force along a unique space-line. I had assumed that there 
was a lot of good Information, hut had not realized exactly how much. 
Shah also wrote down a matrix analysis tnnt using all these symmetry 
tricks) for resolving the forces. We cannot find any copy of Shah s 
brief report. Does anyone have one? 





















, 
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We decided to build a fi-axls wrist* Shah concluded that the symmetr i cal 
configuration might require excessively large dynamic range to represent 
forces and torques both adequate! y, and designed an unsymmetrTeal 
version that was actually built, with the help of Tom Callahan and John 
Roe* It Is currently working, and (November 1972J has been programmed 
by David Stiver to turn nuts on bolts In a strikingly natural and smooth 
procedure* 

On completing the present analysis, 1 think It might be better to stick 
with the octahedral confIgyration, The ratio of height to depth flength 
to diameter) should allow selection of force-torque sensItWIy ratio. 

The symmetric design Is much easier to fabricate, and has excellent 
weight-strength properties because all the forces are along axial rods. 

Here are two configuratIons that might 
be reasonable — light and easy to make. 

The first Is simply a perforated 
cylinder, with strain gauges along the 
remaining parts- The anchor-ring form 
can be as sensitive as ana wants, and 
the stralngauge mountings do not 
Interfere with the Insertion of the 
struts: It might be very good for use 
with LVPT displacement sensors* 

It Is tempting to consider combining the force sensor and a position 
servo in each of the six beams, to make a mobile force sensing wrist, Of 
course, once the thing moves appreciably, the resolution of forces will 
require the more general calculation, with trigonometric coefficients* 
Hut this should not ba a serious problem because I am sure that there 
are powerful computational short cuts for such configurations. See 
section 3. 

l*m sure there are competitive designs. Six-axis force sensors ere 
common In Instrumentation, This one has a particularly nice clear 
central channel* A wrist really doesn't need great rigidity; later we 
make a case for the contrary. So the dominating design criteria might 
well be centered on making the sensors rugged and with great dynamic 
range* 
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5. Appro ml mat! on and 3 nterpo la tl on 

tt 3 s quite easy to program a numerically cent ro \ 1 ad trl 51 E ng machine to 
move to a specified space-positron, The motion axes of -such a machine 
are orthogonal, and so one has only to move eaeh axis the required 
distance In Cartesian, coordinates from where Tt 3 s to where 3t should 
be* 

But there has grown up a myth that,. If an arm has a less regular 
geometry, things are so much more complicated as to pose critical 
difficulties. It Is thus often suggested that there are serious 
problems In programing an arm with several rotary joints* or one with 
more degrees of freedom than are absolutely required. So prevalent Is 
this belief that twe suspectJ the mechanical design of advanced 
manipulators has been constrained accordingly. 

What are the problems? There are different ways that a computation can 
be complicated. The mathematical solution might he opaque. Indeed, with 
a complex arm, the hand-pcsItIon expressed as a function of the joint 
parameters Is messy, involving s cascade of trigonometric matrices. 
Accordingly, closed expressions for the Inverse transformation (joint 
position as function of target position) are Intractable, except perhaps 
by MAT HLAB standards. 

This does not necessarily mean, however, that the computation is 
inherently expensive, slow, or very hard to program. We discuss briefly 
how it can be done efficiently, using a rather substantial amount of 
memory but otherwise economically. Then we shall discuss how the 
principle might be used also as a basis for a theory of more complicated 
postural control problems, 

I have decided not to write this section now, because t 
don ( t understand it well enough yet, and waiting for It 
would delay the rest of the memo too long. Papert and 1 have 
examined various special cases, and so have a number of 
students. The basic Idea Is this: one divides the real- 
world space into domains by selecting vertex points for a 
convex subdivision. The input coordinates (in joint*pOsltion 
space) for each vertex are stored in memory. Then, to find 
the joint-position coordinates for a point specified by Its 
real-world coordinates, we find the vertices of the convex 
cell that contains this point, and apply an Interpolation 
formula to the joint-coordinates associated with those_ 
vertices. Thus we have a piecewise linear approximation 
system. 
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For the human arm, we think that less than 1GC points would b e necessary 
to build an adequate partition, within which the interpolation accuracy 
would be acceptable. The thesis of Gresser, on controlling a redundant 
(12-degree- of*freedom) arm is relevant to this idea. 

Problems to be discussed! 

How does one combine appro^l mat lone for body, head, eye motions? 

What Is a good space-lattice? How many points? 

How- does one find the smallest cell containing the goal point? 

What is good interpolation formula? 

What about critical points? How does one treat ,r dead center" 

regions. What about global sectioning of general access zones? 

Meed the near-polnts form a convex container? Should data contain 
derivatives? Should local motions be referred to Toeat 
coordinate system Cresolution Into orthogonal components)? 

What about redundant degree systems? Should alternatives be 
explicit? How about path-planning? Proposal! a small 
collection of prototype paths, plus perturbation programs* 

How Is the table formed? Does one precalculate mathematI cal 1 y? Or 
can It be learned easily? For the full posture model, there Is 
a problem of staging --- as In finding coefficients of 
multilevel perceptron,. 
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4, Finger design. The "Escalator Gr i p" 1 

People are always arguing about how complicated a hand should be, but 
agree that what we really need is a rational way to discuss such 
quest 1on$» 

i wish I had something useful to say about this* In the meantime/ we can 
agree that the Issue can be put aside for a time if we make the hand 
capable of using sped at-‘Purpose tods* This suggests that as a mlmlnum, 
we should at least supplement simple gripping functions with a 
capability for easy power and sensory connections to tools. 

Here Is an Idea so simple that it might he considered a cheat. Me 
provide the Inner surfaces of one or two finger-tips wTth a roller or 
moving belt that has a high-fr1ctTon surface, (t can be actuated either 
direction by motor, if the two grippers are slightly divergent/ then 
one can just press the tips against the object to be grasped, and the 
traction will draw the object firmly Into the grip* Delicate rolling 
and shearing motions are available. Although tactile sensing would be 
difficult on such surfaces, on* could compensate by force-'lnstrument I ng 
the belt supports. 

The rollers would serve well as power sources for small power-tools that 
anchor against the base of the grfpper; a two finger grip would supply 
two Independent power feeds Into the tool, One could even get three 
degrees of control * by using the grip motion as well. Into a suitably 
designed micro-tool. For feedback, we might use a flbre-optfc coupling. 
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5, The Fourier Wrist Principle 

A wrist needs mobility# strength# and a protected Instrumentation 
channel for Us hand* To give the hand access to the work from different 
directions, a wrist should be slender -- the arm should subtend a smel! 
space angle as seen from the hand* Because the wrist is near the hand, 
large angular errors mean relatively small absolute errors, so absolute 
accuracy of angular control Is not very critical* For the systems we 
envision, wrist control would he adequate even with Increments of 
several angular degrees* 

These requirements suggest the use of a deformable tubular structure. 

In very small scale systems the requirements of strength and rigidity 
Virtually dictate using "exoskeI eta 1" or tubular structures i central 
rods are not stiff enough and pin-joints are too weak, The tubular 
construction is also attractive for Instrumentation, because the 
Information channels are Insulated by the exoskeleton, and the Interior 
Is a nearly constant-length environment* 

Discrete (localized) joint* cause serious problems both for exo- and 
endo- skeletal structures* The bending radius Is very small at a 
discrete joint# and to avoid this one has to route tendons and other 
elements along complicated oaths. 

An apparent solution to all these problems b 
to use a continuously flexible tube* This 
section Is about some aspects of such a 
design* The simplest such wrist, no doubt, {- 
Is a plastic tube or rod deflected by 
external tendons constrained to Its exterior, ^ 
as shown here* This has problems and 
advantages! 

STRENGTH! Tubing has the best strength-weight characteristics. 
However, flexible tubing has to be weaker, and tends to buckle and 
collapse under load* A compromise Is discussed below In 5*1* 

BENDING: Under a pure bending force# the curvature tends to be 
uniform. Under more complicated loads an elastic beam tends to be 
wobbly, and bends non-Uhlformly* We discuss stabilisation 
schemes In 5,2 below. 

CONSTRAINT; Tendons tend to span across concave arcs, and have to 
be constrained. The constraints may cause friction and wear 
problems. 
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5.1 "Vertebra! u Segmented Columns 

Many of these problems stem from (ha fact that to make a beam flexible 
tore must either make the tubing thin,, or use a material with small 
elastic modulus -- In short, make It weak. One kind of solution Is to 
use a strong material and set the flexibility by si top log. 

Two ways to do this are shown here? The 
segmental method solves the problems of 
longitudinal strength, tubular eollapse, and 
suggests several methods for tendon 
constraint. The segmental approach makes the 
column stability problem worse. It offers 
the possibility of variable stiffness In 
exchange: one can use friction to lock the 

system by pulling all the tendons, to get 
greater rlgldlty. 

Also, one can make the friction very low, to get an extremely compliant 
wrist, by relaxing the tendons that act counter to the desired direction 
of motion* This principle Is used In Several cornna-rclal holding and 
positioning devices* 

An idea that has come up from tln»e to time Is to mechanise a vertebral 
column digitally, that Is, to make each Joint have just two or four 
states, One might binary-code the angular deflections. This ought to be 
feasible, for a wrist, since one ought not need more than about 5 bits 
of control* The purely binary scheme does not seem too good, however, 
because one would not want any one joint to have to rotate through a 
large angle. 



5,2 Flexibility and Harmonic Analysis 

If we want to distribute angular deflections over appreciable path 
lengths, we have a theoretical problem about controlling the excess 
degrees of freedom. (To count degrees of freedom for a continuous rod, 
one has to use a signal theory method. If one describes the 
configuration In terms of spatial frequencies, there is a rapid 
attenuation of high frequencies,) In any case, we are interested In the 
case where there are more degrees than we arc prepared to control 
exp! 1 cl tl y* 
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The curvature in a beam tends to be constant, ocher things 
being equal, because the strain energy Is a faster than 
linear function of local curvature, So- the energy of the 
beam has Its minimum for a given total curvature when it Is 
uniformly distributed, Unfortunate! y, this quadratic 
minimum means that the resistance of the system to 
perturbations that transfer a small amount of curvature 
between two different segments Is very smell. Thus the 
uniformlzfrig tendency Is poorly coupled to the gross spatial 
conf1guratlon. 

Mow observe an interesting phenomenon that occurs in a flexible wrist 

with tendons constrained ciose to the surface of the tube. 


To a very good 
Independent of 


appro*Imation the net change 
the tube’s conformation. 


The basic phenomenon stems from the fact that 
for small angles the x - sin x approximation 
Is very good. Consider a flexible rod with 
opposed deflection tendons, and shorten the 
upper one a distance 0: {Actually, the tendon 
on the Convex Side will be pulled In by about 
the same amount, in the analysis below, let D 
be the difference.? 



If the rod has thickness T and length 1, and one side is o shorter than 
the other, the rod will bend In a curve for which 

ACR+T} * AR " AT * D 

Hence A - D/T, where A Is the bending angle in radians. Note that this 
is Independent of L. 


Now, we assumed, uniform curvature In this argument. But suppose that th 
rod Is actually bent sharply in one part and gently in another. Then. A 
01/T * HJ/T * D/T again, so that for a given total difference In tendon 
length one gets the same net angular deflection of the tip Independent 
of how the curvature Is actually distributed along the rod! In other 
words, the same E> la compatible with all configurations that begin and 
end with the same directions# such as Tn 




t>/r , S 


or 
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One might be able to make a file* parallel-ruler device exploiting this 
principle. Handling such a beam Is an experience; ft seems completely 
free for translation but firmly constrained for direction of the tip, 
which seems to have a mind of Its own. 

Mow to enforce uniform curvature, we must distribute increments of 0 
uniformly (In length) along our beam. Consider a first approximation In 
which 0 * D1 ■* n2, In two equal halves of L; then we want somehow to 
constrain 01 * B2, Solution: add an extra tendon firmly attached at 
both ends but crossing 


Then one can write: 


LI - L3 

Li + Ut « L (Initial addition} 

L2 + L-4 - L (good approximation) 


hrough the rod at the middle. 


a 


( Sclent 1 ty> 


b — 


:::±i 


Hence LI ■ L2, Thus the extra constraint divides the curvature equally 
between the two halves, One could, add still other constrai nt*cords, 
crossing over at other points: the problem Is to equalize the 
deflections In each segment, T«e examples of how one might do this for 
for more segments; 


f——J 

> ..... 




"amt 1 ' Example 1, 


+ ' Example 2, 

Discussion of Example 1: To the extent that the oblique cords are 
InextensI Me, this scheme ought to be quite effective in uniforming 
the deflection. It Is like the walt*knowri azy-tongs 11 device. Ft tends 
to have a cumulative error* In that the curvature can slowly drift from 
one end to the other If there are many segments* 4$ drawn, there Is 
also a problem about unconstrained parts of the rod near the cross-over 
points; this should be corrected by running each constraint over three 
segments, and this also relievos the sharp curves experienced by the 
stabilizing tendons. 





Note that each wire needs a symmetrical 1y opposite or* for negative 
curvature control* 
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0[scusstop 
sugge 
that 
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have: 


of Example 
]aba I 1 T ng, 


2 1 We have shown saver el constraint cords with 
Each cord runs the full length of the rod* so 


the 

effects a 

re 

global (no accumulated 

error) 

4 

Let DI and -Dl be 

ength cl 

nanges 

at 

the tap and 

bottom of 

the 1- 

th 

segment. Then we 

sin 

A? 

01 

+ 

02 - 03 - 04 

- 0 




cos 

A; 

01 

- 

DZ - 03 + 04 

V 0 




sin 

2A: 

01 

- 

02 + 03 - 04 

• 0 





The 

f 1 rst 

two equations 

yield 

Dl - 

03 

* 0 


The 

last 

two 

i equations y 

(eld 

PI - 

02 

■ 0 


The 

ft rit 

and last yield 


D 1 - 

Dll 

■ 0 


So all four segments have equal change; 
controlled by the top straight fibre* 


the total change D Is 


Our choice of trigonometric tab*Is was based on a strong analogy* We can 
use the “constraint" cables for control as well! If we shorten the "sin 
X 1 ’ cable by an amount P* the equations still yield 01 - D 7 and 03 - 04* 
and {assuming the straight fibre Is unchanged) the md assumes a sigmoid 
for still with the original tip- direction? 

If we let C(x) be the curvature of the rod as a function of length, w* 
now have 


C(k 3 - P* sin 


<SgE.l 






Controlling the other fibres similarly, we can develop the curvature of 
the rod In a Fourier Series? 

C(») - ^ 5 eos! ^ r 

it would be Impractical to do this for more than eight segments.* and 
four would be quite enough for most purposes* 
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5-*5 Thr#e Dimensions 

Extending this Idea to controlling a space-curve pmnf sp? to eliminate 
two nuisances* First, by winding the tendons around the beam Instead of 
through It, we avoid penetrating the central core. (2) This same scheme 
can eliminate the occurence of "dead 11 Intervals at which the tendons are 
near the axis and so provide little constraining force Cpoor mechanical 
advantage). Our scheme Isto use Helical winding Instead of 
Sinusoidal. 

Using helical winding, one avoids the problem of tendons escaping from 
concave portions of the beam. It appears that a large number of fibres 
are recurred* 

The four pairs of the 2-d case must each be duplicated in 
two planes. Our Idea Is to make two sets of bindings, 90 
degrees out of phase. In both directions around the 
cylindrical rod* Each must be duplicated again. In the 
opposite di rectlon, to oppose the effects of axial torque. 

That makes 16 pairs of fibres. Since we really do have £ 
degrees of freedom, the system certainly needs 8 tendon 
pairs* Possibly, half the windings could be eliminated If 
the tube has enough Inherent axial stiffness, but this Is 
not easily compatible with longitudinal flexibility. One 
way to get the required kind of stiffness Is to have hinge 
joints In alternating orientation, as in the lobster arm. 

These Issues are not so serious. Evan a two ^segment" arm, In three 
dimensions, would already be a splendidly mobile device, and Its helical 
geometry problem does not look very difficult* Going to four 11 segments’ 1 
may raise more serTous problems about friction and tendon-crossovers. 
Higher terms In the series gets us Involved with long cables (the "high 
frequency 1 ' sinusoids wrap around the rod a lot) and would probably cause 
severe frictional binding problems because the forces normal to the tube 
would become large. These forces don't look serious for the two and 
four segment designs. 

Problem! Design a three-segment model. There Is a problem In the 
algebra. 


5*4 Master-Slave Control 

Our "harmonic 1 ' wrist lends Itself nicely to master-slave control because 
two of them connected together are constrained to behave Identically If 
we simply cross-over the tendon-pairs at the junction. 


